Abstract. In 1999 Nina Zorboska and in 2003 P. S. Bourdon, D. Levi, S. K. Narayan and J. H. Shapiro investigated the essentially normal composition operator Cϕ, when ϕ is a linear-fractional self-map of D. In this paper first, we investigate the essential normality problem for the operator TwCϕ on the Hardy space H 2 , where w is a bounded measurable function on ∂D which is continuous at each point of F (ϕ), ϕ ∈ S(2), and Tw is the Toeplitz operator with symbol w. Then we use these results and characterize the essentially normal finite linear combinations of certain linear-fractional composition operators on H 2 .
Introduction
Let D be the open unit disk in the complex plane C, ∂D be its boundary, and Hol(D) denotes the space of all holomorphic functions on D.
For an analytic function f on the unit disk and 0 < r < 1, we define the dilated function f r by f r (e iθ ) = f (re iθ ). It is easy to see that the functions f r are continuous on ∂D for each r, hence they are in L p (∂D, dθ/2π), where dθ/2π is the normalized arc length measure on the unit circle. For 0 < p < ∞, the Hardy space H p (D) = H p is the set of all analytic functions on the unit disk for which 
For each ψ ∈ L ∞ (∂D), we define the Toeplitz operator T ψ on H 2 by T ψ (f ) = P (ψf ), where P denotes the orthogonal projection of L 2 (∂D) onto H 2 . Since an orthogonal projection has norm 1, clearly T ψ is bounded. For any analytic selfmap ϕ of D, the composition operator 
A mapping of the form
is called a linear-fractional transformation. We denote the set of those linearfractional
transformations that take the open unit disk D into itself by LFT(D).
It is well known that the automorphisms of the unit disk, that is, the one-to-one analytic maps of the disk onto itself, are just the functions ϕ(z) = λ(a − z)/(1 −āz), where |λ| = 1 and |a| < 1. If ϕ and ψ are linear-fractional self-maps of D or B N , then C ϕ − C ψ cannot be non-trivially compact; i.e., if the difference is compact, either C ϕ and C ψ are individually compact or ϕ = ψ. The fact that a difference of linear-fractional composition operators cannot be non-trivially compact on H 2 or A
